We analyse the properties of the kaonic nuclear cluster (KNC)KN N with the structure N ⊗ (KN ) I=0 , having the quantum numbers I(J π ) = 
I. INTRODUCTION
The kaonic nuclear cluster (KNC)KNN (or K − pp) with quantum numbers I(J π ) = [6] . According to Akaishi and Yamazaki [1] - [6] , the formation of the quasi-bound N ⊗ (KN) I=0 state occurs in the entrance channel through the isospin-singlet state (KN) I=0 , identified with the Λ(1405) hyperon, with the subsequent addition of one more proton. In such a scenario the KNC 2K H acquires exactly the structure
The theoretical analysis of the properties of the KNC 2K H is focused on the calculation of the binding energy B2K H and the partial widths Γ of all hadronic decay modes, which are the important two-body non-pionic 2K H → NΛ 0 , NΣ decay modes and the threebody pionic 2K H → NΣπ decay modes, respectively. In the potential model approach by Akaishi and Yamazaki [1] - [6] as well as in other theoretical approaches for the description of the KNC 2K H [7] - [13] such as relativistic mean field (RMF) models [7, 8] , coupled-channel approach with chiral dynamics and variational analyses [9, 10] , coupled-channel Faddeev equations [11, 12] and variational analyses [13] the widths Γ [6] , which has been carried out in [14] at threshold of the unbound Λ * N system, showed a total width of non-pionic decay modes of the unbound Λ * N system equal to Γ ( π) Λ * N = 22 MeV. Since the decay mode 2K H → pΛ 0 is used for the experimental observation of the KNC 2K H [15, 16] , an alternative approach allowing a calculation of the widths of all non-pionic and pionic decay modes for quasi-bound 2K H state is needed.
The first announcement about the existence of the KNC 2K H with the binding energy B2K H = 115(7) MeV and the total width Γ2K H = 67 (14) MeV has been reported by the FINUDA Collaboration [15] . These data have been obtained from the stopped K − -meson reactions on 6 Li, 7 Li and 12 C by measuring the invariant-mass spectrum of back-to-back emitted pΛ 0 pairs. However, the interpretation of these results as a KNC 2K H has been questioned and other explanations of the observed spectrum have been put forward [17] .
Recent experimental data [16] [11, 12] , which is unable to describe the two-body decay channels. In turn, a description of the experimental data by the DISTO Collaboration within other theoretical approaches [7] - [10, 13] seems to be also questionable.
The KNC 2K H with the structure N ⊗ (KN) I=0 we propose to treat as a kaonic molecule [2] . In the center of mass frame molecular states are defined by rotational and vibrational degrees of freedom [18] . Since the angular momentum of the KNC 2K H as well as of the KNC 1K H, the quasi-bound (KN) I=0 state, are equal to zero, the properties of these states are defined by the vibrational degrees of freedom only, which we describe by trial harmonic oscillator wave functions. Such a choice can be also justified by a short-range character of forces producing quasi-bound KNCs. We recall that the harmonic oscillator wave functions are used also in the shell-model of nuclei [19] for the description of strongly bound nuclear systems. In addition, trial Gaussian wave functions in the coordinate representation have been used in [10] for the variational calculation of the parameters of the KNC 2K H with a potential, induced by chiral dynamics with SU(3) coupled-channels technique.
The calculation of the parameters of the quasi-bound states n K H with n = 1, 2, . . . we propose to carry out by using a T-matrix, defined by chiral Lagrangians with derivative meson-baryon couplings invariant under chiral SU(3) × SU(3) symmetry [20] [21] [22] , which are used for the analysis of low-energy strong interactions.
According to quantum field theoretic description of decays of particles and nuclear states [23] , the width of the decay modes n K H → X of the nuclear state n K H is defined by the decay
where we have used a relation
X assumes a summation over all allowed decay channels [20, 21] ; V T = (2π) 4 δ (4) (0) is a space-time volume [23] .
Taking into account the unitarity condition for the T-matrix T − T † = iTT † we can generalise Eq.(I.1) as follows
where BnK H is related to the energy shift of the quantum state 
In turn, the width Γ1K H of the KNC 1K H is defined by the 1K H → Σπ decay modes only as
The paper is organised as follows. In Section 2 we construct the wave functions of the quasi-bound (KN) I=0 and N ⊗ (KN) I=0 states. Since angular momenta of these states are zero, we describe them in terms of vibrational degrees of freedom by the oscillator wave functions [18, 19] (see also [10] ). We identify the quasi-bound ( [14] . The number of the input parameters can be reduced to Ω Λ * and g Λ * , which can be obtained from the fit of the binding energy and width of the KNC 1K H only.
For this aim we assume that the stiffnesses of harmonic oscillator potentials, keeping the pairs (KN) I=0 and N ⊗(KN) I=0 bound, are equal. In this case the frequencies Ω Λ * and Ω Λ * N become related by 
In Section 4 we give numerical values of the obtained binding energies and widths by using for the analysis of the Λ * hyperon the following prediction for its mass m Λ * = 1405 MeV and widths Γ Λ * = 30 MeV, obtained from the experimental data on stopped-K − meson absorption in a deuteron target [25] , and Γ Λ * = 40 MeV, used by Akaishi and Yamazaki in their original work [1] . In Conclusion we discuss the obtained results.
The harmonic oscillator wave function of the KNC 1K H in the momentum representation can be taken in the form [18] Φ1K
where Ω Λ * is the frequency of relative motion of theKN pair. In terms of the stiffness
MeV is the reduced mass of theKN pair, calculated for m N = 940 MeV and m K = 494 MeV.
In the particle number and momentum representation the wave function of the KNC 1K H reads
is a polarisation and j is the isospin index. The creation and annihilation operators obey standard relativistic covariant commutation and anti-commutation relations [23] . The wave function (II.2) has a standard relativistic covariant normalisation [23] .
In our approach the binding energy and width of the KNC 
where g Λ * is a coupling constant of the
is the mass of the quasi-bound 
where Ω Λ * N = Ω Λ * µ Λ * /µ Λ * N due to equal stiffnesses by assumption.
In the momentum and particle number representation the wave function of the KNC 2K H with the structure N ⊗ (KN) I=0 reads
where we have denoted
The wave function (II.5) has a standard relativistic covariant normalisation [23] . 
The binding energy of the KNC
The result of the calculation of the corresponding matrix elements of the T-matrix, obtained in the heavy-baryon approximation, is
The contribution of the second term in (II. 
where ϕ Λ 0 (σ Λ 0 ) and χ N (σ N ) are spinorial wave functions of the Λ 0 -hyperon and the nucleon, respectively, g πN N = g A m N /F π = 13.3 is the πNN coupling constant [28] , k N Λ 0 is 
The first and the second terms in the amplitude (III.1) are defined by theK-meson and η-meson exchange diagrams in Fig. 1 , respectively, and Weinberg-Tomozawa interaction with isospin I = 0. In turn, the contribution of the π-meson exchanges is fully caused by the Weinberg-Tomozawa interaction with isospin I = 1 and the NN exchange interaction. The 
where we have summed over polarisations of the particles in the final state. The numerical
The amplitudes of the N(KN) I=0 → NΣ reactions, defining the non-pionic decay modes 2K H → NΣ, are determined by the Feynman diagrams in Fig. 2 . The analytical expression, obtained in the heavy-baryon approximation, takes the form
The Feynman diagram of the decay mode 2K H → N Σπ of the KNC 2K H.
where g Λ * is the coupling constant of the 1K H → Σπ decays. The contributions of the Weinberg-Tomozawa interactions with isospin I = 1 survive due to the NN exchange interactions for theK, π and η meson exchanges. The partial width of the 2K H → NΣ 0 decay amounts to
The partial widths of the decay modes 2K H → NΣ 0 and 2K H → NΣ + are related by Γ(
The numerical values are discussed in Section 4.
C. Pionic decay modes of N ⊗ (KN ) I=0 state
Since theKN pair in the KNC 2K H is in the isospin-singlet state, the dominant pionic three-body decay modes are 2K H → NΣπ. In the tree-approximation the Feynman diagram of the decay modes 2K H → NΣπ is shown in Fig. 3 . The amplitude of the 2K H → NΣπ decay is equal to 6) where k N is a 3-momentum of the nucleon, σ Σ = ±1/2 and σ N = ±1/2 are polarisations of the Σ-hyperon and the nucleon in the final state, respectively, 
where f N Σπ (Ω Λ * ), caused by the contribution of the phase volume of the final NΣπ state, is defined by
The numerical value of the partial width of the pionic decay modes we discuss in Section 4. πΣ → πΣ scattering has been carried out in [29] . Following the results obtained in [29] , one can conclude that in the pure I = 0 channel π 0 Σ 0 → π 0 Σ 0 the maximum of the cross section is located around m Λ * ≃ 1405 MeV. It has been also found experimentally [30] that the shape and position of the Λ(1405) distribution, reconstructed in the Σ 0 π 0 channel, are consistent with mass m Λ * ∼ 1400 MeV and width Γ Λ * ∼ 60 MeV, agreeing well with the shape and position of the Λ(1405) distribution, measured in the charge-exchange channels [31, 32] .
IV. NUMERICAL VALUES OF BINDING ENERGY AND WIDTHS OF

